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Abstract 

We study a Lie algebra type K-deformed space with undeformed rotation 
algebra and commutative vector-like Dirac derivatives in a covariant way 
Space deformation depends on an arbitrary vector. Infinitely many covariant 
realizations in terms of commuting coordinates of undeformed space and their 
derivatives are constructed. The corresponding coproducts and star products 
are found and related in a new way. All covariant realizations are physically 
equivalent. Specially a few simple realizations are found and discussed. The 
scalar fields, invariants and the notion of invariant integration is discussed in 
the natural realization. 
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1 Introduction 



In the last decade there has been a growing interest in the formulation of physical 
theories defined on noncommutative (NC) spaces. Consistency of such theories and 
their implications were studied in pQ-[5]- It is important to classify NC spaces and 
investigate their properties, and particularly to develop a unifying approach to a 
generalized theory for such spaces that are convenient for physical applications. 
The notion of generalized symmetries and their role in the analysis of NC spaces is 
also crucial. In order to make a contribution in this direction, we analyze a NC space 
of the Lie algebra type, in particular the so-called K-deformed space introduced in 

m-m- 

For simplicity we restrict our attention to /t-deformed Euclidean space, although 
the analysis can be easily extended to K-deformed Minkowski space. The noncom- 
mutativity of coordinates depends on a deformation parameter which is an arbitrary 
vector oeK" The dimensional parameter \a\ = 1/k has a very small length which 
yields the undeformed Euclidean space in the limit as \a\ — ► 0. The NC coordinates 
and the generators of generalized rotations form an extended Lie algebra. The sub- 
algebra formed by the rotation generators is the ordinary SO a (n) algebra, i.e. the 
ordinary Lorentz algebra in the case of K-deformed Minkowski space. Dirac deriva- 
tives are assumed to commute mutually and transform as a vector representation 
under SO a {n) algebra. This K-deformed space was studied by different groups, from 
both the mathematical and physical point of view [9]- [27]. There is also an interest- 
ing connection to the Doubly Special Relativity program [T5], |16j . Realizations of 
NC spaces in terms of commutative coordinates and derivative operators were ob- 
tained and discussed in the cases of symmetric ordering and normal (left and right) 
ordering of NC coordinates [13], [21]. An infinite family of noncovariant realizations 
was found in [22]- Although a single space may be realized in many different ways, 
physical results do not depend on concrete realizations, i.e. orderings (see also [21] )• 

Our motivation in this paper is to construct covariant realizations for general 
K-deformed Euclidean spaces depending on an arbitrary deformation vector a. We 
analyze such spaces by using the methods developed for deformed single and mul- 
timode oscillators in the Fock space representations [29j-[36j. In particular, we use 
the methods for constructing deformed creation and annihilation operators in terms 
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of ordinary bosonic multimode oscillators, i.e. a kind of bosonization [29], [30], [35j . 
Also, we employ the construction of transition number operators and, in general, of 
generators proposed in [SU], [31], [HI]- 

The simple connection between the creation and annihilation operators with NC 
coordinates and Dirac derivatives is established by using the Bargman type represen- 
tation. We find infinitely many new covariant realizations in terms of commutative 
coordinates and derivative operators. The realizations depend on certain parameter 
functions, but they are all on an equal footing and the physical results do not depend 
on them. For a special choice of the parameter functions we obtain some particularly 
simple realizations: covariant left, right and natural realizations. These realizations 
are considered in detail, and a coproduct and star product are associated to each of 
them. 

The outline of the paper is as follows. In Sect. 2 we introduce a Lie algebra type 
of Ac-deformed Euclidean space. We also define the rotation algebra SO a (n) which is 
compatible with K-deformations, and introduce the Dirac derivative and the Laplace 
operator. The shift operator which plays an important role in describing the algebra 
generated by NC coordinates, the rotation generators and the Dirac derivative are 
also introduced. Special consideration is given to the generalized Leibniz's rule and 
coproduct. We derive expressions for the coproduct of the rotation generators and 
the Dirac derivative, and of the left and right deformations of the ordinary derivative. 
Sect. 3 deals with covariant realizations of the K-deformed Euclidean space and the 
operators introduced in Sect. 2. We find an infinite family of covariant realizations 
in terms of commutative coordinates and derivative operators. In particular, we 
obtain two types of realizations (type I and type II) which depend on an arbitrary 
parameter function (p. For special choices of (p, we construct particularly simple 
covariant realizations: left, right, symmetric and natural realizations. In Sect. 4 we 
consider the star product for the realizations discussed in Sect. 3. A general formula 
for the star product is given to second order in the deformation parameter a, and 
closed form expressions are obtained in the left, right and symmetric realizations. 
We also introduce the notion of equivalent star products using similarity transfor- 
mations. We show that any star product in the realization of type I can be obtained 
from the star product in the right realization using similarity transformations. In 
subsection 4.4 we introduce scalar fields in NC coordinates and demonstrate their 



3 



simple properties in terms of the natural realization. Constructions of invariants 
and invariant integration on NC spaces are also presented. Finally, in Sect. 5 a 
short conclusion is given. 

2 Kappa- deformed Euclidean space 

Consider a Lie algebra type noncommutative (NC) space generated by coordinates 
xi, X2, ■ ■ ■ , x n satisfying the commutation relations 

\XfJ,l 2^1/] ^iflp^Xy CLyX^), (1) 

where \x,v = 1, . . . , n and a\, a,2, ■ ■ • , a n are componenets of a vector a G M" which 
describes a deformation of the Euclidean space [19|-[22j. The structure constants 
are given by 

Cfj,vX = Ojti^i/A ~~ O'vSfiX- (2) 

In the limit as a — > 0, we have x^ — *> x M , the ordinary commutative coordinates. 
Let SO a {n) be the ordinary rotation algebra with generators M^ v satisfying 

= —M UfM , (3) 
[M^, M\ p ] = 6 uX M w - 5^M vp - 5 up M^ x + 6 pp M uX . (4) 

We require that the rotation generators M pv and the coordinates x p form an ex- 
tended Lie algebra. The most general form of the commutator [M pu ,x x ] must be 
linear in and x\, antisymmetric in the indices /i and u, and with the smooth 
limit [Mpv, x\] — > x p 5 vX — x u 5 pX as a — > 0. The required form is given by 

[M^, x x ) = x p 5 vX - x„ 5^ x . . 

+ is a x - it [0,^ M vX - a u M pX ) + iu a a (M ap 5 uX - M av 5 pX ) 

for some s, t, u G M, where summation over repeated indices in assumed. The 
necessary and sufficient condition for consistency of the extended Lie algebra is that 
the Jacobi identity holds for all combinations of the generators M^ u and x x . One 
can verify that this is satisfied for the unique values of the parameters s = u = 
and t = 1 [22]. Hence, 

[Mpu, x x ] = x^ 5 uX - x v SftX ~ i (<V M vX - a v M pX ) . (6) 
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Having introduced the rotation algebra SO a (n), it is natural to consider the 
Dirac derivatives satisfying 

[D ll ,D v ]=0, (7) 
[M lu ,,D x ]=6 vX D lt -5 ftX D v . (8) 

The generators and D\ form the undeformed ISO a (n) algebra, i.e. Poincare 
algebra in the case of K-deformed Minkowski space. Note that the operator D 2 = 
D^D^ is invariant under rotations since [M^^D 2 ] = 0. 

We also wish to define commutation relations for and x v . The consistency 
condition is that the Jacobi identity is satisfied for all combinations of the generators 
M^, D x and x p . It can be shown [22] that the correct form of the commutator is 
given by 

[D^ x v ] = 8^ Vl-a 2 D 2 + iC mv D a . (9) 

The algebra generated by and deformed Heisenberg algebra. We note 

that, in the limit as a — > 0, the commutation relations (00), ([7]) and (J9]) yield the 
ordinary undeformed Heisenberg algebra. Hence, — > and x^ — > x M as a — > 0, 
where = Particularly, in the one- dimensional case n = 1, Eq. (jUJ) leads to a 
generalized uncertainty relation with mininal length [37J. 

A function f(x,D), where f(x,D) denotes a formal power series in monomials 
x^Xpz . . . Xfj, n and D Ul D U2 . . . D Vm1 is said to be SO a (n)-invariant if 

[M^, f{x, D)\ = for all ^v. (10) 

We introduce the SO a (n)-invariant Laplace operator □ satisfying the commutation 
relations 

[M^,q = o, (ii) 

[n,x tt ]=2D lt . (12) 

The Laplace operator can be expressed in terms of the operator D 2 . Let us assume 
the Ansatz □ = F(D 2 ), where F is analytic, and impose the boundary condition 
F(D 2 ) — > d 2 as a — > 0. Then Eq. (jllj) is automatically satisfied, and Eqs. © and 
f)12p together with the boundary condition yield 

□ = ^ (l - Vl - a 2 ^ 2 ) . (13) 
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It follows from here that 

D 2 = □ ( 1 - — □ ) . (14) 



a 2 
4 

2.1 The shift operator 

At this point it is convenient to introduce the shift operator Z via the commutation 
relations 

[Z,x„\ = ia^Z, (15) 
[Z,D„] = 0. (16) 

We assume that Z — > 1 in the limit as a — > 0. The shift operator acts on an arbitrary 
function f(x) by 

Zf(x)=f(x + ia)Z. (17) 

We note that the inverse shift operator Z~ l satisfies the same relations as Z when 
a M is replaced by — a M . The shift operator can be expressed in terms of the Dirac 
derivative D as follows. Using Eqs. (JSJ) and (Tl2i) one can verify that 

a 2 A ■ 

ia.D □, x,, 

2 M . 



-za^ (-ia.D + Vl - a 2 £> 2 ) , (18) 



where aD = a^D^. Inserting Eq. (fT5|) for the Laplace operator into Eq. ffTSl . we 
obtain = —ia^Z^ 1 , where 



Z- 1 = -iaD + Vl - a 2 D 2 . (19) 



Inverting the above expression, we find 



zog + VI - a 2 £ 2 

l-a^ + CaD) 2 ' 1 J 

It is interesting to note that the algebra generated by x^, M^ v and can be 
described using the shift operator Z as 

x^Zx v = x v ZXfn, (21) 

[D^x v \ = 8^Z- x +ia ll D v . (22) 
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The remaining commutation relations for [M^, M Xp ], [M^ u ,x x ] and [M^ U ,D X ] are 
satisfied by representing M^ v in a unique way as 

M lu , = (x ll D v -x v D ll )Z. (23) 

We will justify this relation later when we consider the so-called natural realization 
in Sect. [3J 



2.2 The Leibniz rule and coproduct 

Now we turn our attention to the generalized Leibniz rule and coproduct. The 
commutator of with an arbitrary function f(x) is given by 



[AW] = (Af^/) 
+ ia. 



M Xu - ia v 



D \ - ~Y n ) zf 



M 



(24) 



This relation can be shown by using Eq. ([6]) and proceeding by induction on the 
degree of monomials in x M . From Eq. ff24l) we obtain the coproduct for M M „, 



AM^ = <g> 1 + 1 ® 



ia x , 



□ I Z ® M\ v — ia„ I D 



^a x , 



□ \ Z® M 



(25) 



2 J V 2 

Similarly, one can show that the commutator of with f(x) is given by 



ia. 



[£> M , /] = (D,,/)^ 1 + ia,{D x Zf)D x - ^(D Z/) za£>, 



hence for the coproduct we have 



AD, = D M ® Z- 1 + 1 ® D M + ia^DxZ) ®D X - -g-U Z ® iaD. 
Furthermore, the coproduct for the shift operator Z is simply 



AZ = Z <g> Z. 



(26) 



(27) 



(28) 



Some examples of the Poincare invariant interpretation of NC spaces and of the 
twisted Poincare coalgebra were also considered in 
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It is interesting to note that the operators _D M , □ and Z can be expressed in terms 
of auxiliary derivatives dj^ and d R satisfying the following commutation relations: 

[dt d L u ] = 0, (29) 



[d^x u } = 5, u Z-\ (30) 



and 



K,d R } = 0, (31) 
[d*,x u } = 5, u + ta u dK. (32) 

Equations (l29l) -( l30l) and ( l3Tl) - (l32l) are consistent with the commutation relation (CQ), 
and hence both sets of equations define a deformed Heisenberg algebra. One can 
think of and d R as "left" and "right" deformations of the ordinary derivative 
dfj,. Indeed, using the commutation relations (l30l) and (l32l) one can show that the 
copro ducts of and d R are given by 

A9j = <8> Z~ x + 1 ® 8j, (33) 
Atf = dZ®l + Z®tf, (34) 

and d R = d^Z. Hence, the coproducts A9^ and A9^ are left and right deformations 
of the ordinary coproduct A9 M = 9^(8)1+ 1(8)9^, respectively. In fact, the coproducts 
A9^ and A9^ are given by Eqs. if and only if Eqs. fl3U]) and flH2D hold. 

One can show that the operators D^, □ and Z are expressed in terms of the left 
and right deformation derivatives as 

D, = % + ^D, (35) 
□ = (9 L ) 2 Z, (36) 



and 



Z=l^)Z= Y -^- L (37) 



^ = <^ + ^D, (38) 

U = {d R ) 2 Z-\ (39) 
Z = 1 + iad R . (40) 
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The algebra generated by x^, M^ v and is covariant under the action of the 
rotation group SO{n). Indeed, let R G SO{n) be a rotation matrix and denote 
the transformed variables by x'^ = R^ a x a , D' = R^ ia D a , M' = R^ a R u /sM a/3 and 
a'^ = R m a a . Then Eqs. (TT~3T) and (l20l) immediately yield 

□' = □ and Z' = Z, (41) 

and the transformed generators x 1 , M' and D'^ satisfy the relations 

x'^Zxl = x' u Zx'^, (42) 
[D^x' v }=5, u Z- 1 +ia'^D' u , (43) 
M^ = (x^Dl-x' u D^)Z. (44) 



3 Covariant realizations 

A realization of the NC coordinates x^ in terms of ordinary commutative coordinates 
and their derivatives was found using the Bargman representation and the methods 
developed in [2H], [30], [31], [HH]- The goal of this section is to find covariant real- 
izations of the algebra generated by the NC coordinates x M , the rotation generators 
and the Dirac derivatives D^. The realizations are found in terms of functions 
of ordinary coordinates x\,xi, ■ ■ ■ ,x n and their derivatives 81,82, ... ,d n which gen- 
erate the Heisenberg algebra = [<9 M ,<9„] = and [8^,x u ] = 5^. In general, 
these functions will satisfy a system of coupled partial differential equations (PDE) 
determined by the commutation relations for x^, M^ v and D^. In the following we 
derive such systems of PDE's and then we consider their solutions. 
The most general Ansatz for x^ is 

Xf, = x a $ ail (A,B), (45) 

where is a function of the commuting variables A = iad and B = a 2 d 2 , and 
satisfies the boundary condition $q, m (0, 0) = 5 a ^. This realization is covariant under 
the orthogonal transformation R G SO{n) (c.f. Sect. 12.21 and x'^ = R m x a , & v = 
Rfiad a ), i.e. under the action of the generators 

d d 

M L = x n d v ~ x ud^ + a^- a u — . (46) 



9 



We consider a particular form of the above Ansatz given by 

Xfj, = x^ip + i{ax) (dfj, fli + ia^d 2 /3 2 ) + i(xd) (a^i + ia 2 d^ 72) , (47) 

where ip, f3i and 7, are functions of A and B. We impose the boundary conditions 
ip(0, 0) = 1 and /3j(0, 0), 7^(0, 0) finite in order to ensure the smooth limit x^ — > x^ 
as a — > 0. Substituting the Ansatz (|47j) into Eq. ([T]), we obtain the following system 
of equations: 



+(4§-4§h+* (4§-4§)- 

- + 2^/32) + 5/^72 - 2/3 2 ^ + A = 0, (50) 

Next, we consider realizations of the rotation algebra SO a {n). We assume that 
the rotation generators are given by the Ansatz 

= {x^du - x v dfj) T\ + i(xd)(a ll d u - a u d^) T 2 + i{Xf,a u - x v a^)d 2 f 3 , (52) 

where the functions J-\, Ti and T% depend on A and B, and satisfy the boundary 
conditions ^(0,0) = 1 and F 2 (0,0), JF 3 (0,0) finite, respectively The boundary 
conditions imply that becomes the ordinary rotation generator as a — > 0. The 
Ansatz is antisymmetric in the indices \i and v. Now we can calculate the commuta- 
tor [M M j,, M\ p ] by inserting the Ansatz ( 1521) into Eq. (jlj). This results in the system 
of equations 



Since JF 2 is uniquely determined by JF 3 , these equations provide a realization of the 
algebra SO a (n) in terms of an arbitrary parameter function JF 3 . However, M M „ and 
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Xfj. are required to form the extended Lie algebra (El), hence JF 3 is related with the 
functions if, /3j and 7,. This relation can be shown either directly from Eq. ([6]) or 
by using a realization of the Dirac operator and Eq. f[2"31) . 
We assume that the Dirac operator is given by 

D^ = d fM g 1 + ia lM d 2 G 2 . (54) 

Here the functions Q\ and Q2 depend on A and B, and satisfy the boundary condi- 
tions (?i(0,0) = 1 and £2(0,0) finite, respectively Inserting Eq. (|5"4"1) into Eq. ©, 
we obtain 

Vl - a 2 D 2 - iaD = g x ip, (55) 

2 §^(-f-^)*-(^^^§)-° • m 



+ (2e 2 + A§ + 2B§) 7l = e 2 , (58) 
ftft + (25 2 + 2B§|)*> + 2,452/31 + (2x|| - §|)bA 

-(2e 2 + §^ + 2B§)B 72 = e, (59) 

Equations fl55l) and (120]) imply that the inverse shift operator has a simple realization 

as 

z~ 1 = g 1 ( P . (60) 

The system of PDE's for the unknown functions (p, Pi, 7,, Ti and Q{ is too dif- 
ficult to solve in full generality. We will reduce the system to a manageable form 
by considering special choices for the functions Pi and /3 2 : Pi = /3 2 = and Pi = 1, 
P2 = 0. In each case, we obtain an infinite family of realizations parametrized by 
the function ip. We call these realizations type I and type II, respectively. 
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Realization I: (5\ — 02 — 0. 

In the first realization, Eqs. (l4Tj) - (f5TI) imply 



where 



x fM = x fl ip + i(xd) (a M 7! + ia 2 d^ 72) , (61) 



71 = ft + M* , (62) 

72 = (63) 



Furthermore, Eqs. flo^|) - flo^|) yield 

1 „ 1 



We note that in view of Eq. flBUj) the shift operator is given by 



(64) 



Z = 1 + -. (65) 

We are now able to find realizations of the rotation generators M^. Inserting the 
realizations for x^, and Z into Eq. f[2Hj) and comparing the obtained expression 
with Eq. ([52]), we find 

Note that JF X = 1 is consistent with the earlier obtained expression in Eq. f l53|) . 
Next, we find a realization of the Laplace operator □ which is uniquely determined 
by Eq. ffT5]) . Using the realizations for Z and in Eqs. (1641) and (1531) we obtain 
VI - a 2 ^ 2 = 1 - a 2 d 2 G 2 . Therefore, Eq. yields 

□ = d 2 H, where W = , 1 tt - (67) 

Note that since y?(0, 0) = 1 and A — > as a — > 0, in the limiting case we have 
□ — > <9 2 as a — > 0. 
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Realization II: (5\ — 1, fii — 0. 

Repeating the above calculations in the second realization we find 



Xf, = x ll <f + i(ax)d /1 + i(ad) (a^x + ia 2 d^ 72) , (68) 



where 



V -{A^ A + 2B%) 



7i / * dtp 1 0R ' (^9) 



<p-(Afg + 2B£§)' 
The functions £1 and £2 are given by 



72 = M ,,ir. ( 7 °) 



Gi= n * =, & = 0, (71) 



and the shift operator yields 



Similarly, for T\, T2 and JF 3 we obtain 



jr 1 jr 21 = jr = 0. (73) 

Note that JF 1; JF 2 and JF 3 in all realizations are consistent with Eq. (1231) . Further- 
more, for the Laplace operator we have □ = d 2 7i where 

"4< 1 -^ + ^04(l- 7 ^^j. (74) 

3.1 Special realizations 

Of particular interest are some realizations obtained for a special choice of the param- 
eter function if. In the realization of type I we consider the left, right and symmetric 
realizations corresponding to {pi = 1 — A, (fn ■ = 1 and tps — -A/ ( ex P(^4) — 1); respec- 
tively One can show that in the left realization the derivative operator becomes 
the left deformation derivative d^. Similarly, in the right realization the derivative 
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operator becomes the right deformation derivative djf. The symmetric realization 
is related to Weyl's symmetric ordering of the monomials in x^. In the realization 
of type II we consider the natural realization corresponding to (p^ — —^4 + yl — B. 
In this realization the Dirac derivative is simply given by = d^. 

Left realization: (3\ = (3 2 — 0, = 1 — A. 
Inserting ip L = 1 — A into Eqs. (IBTl) - (l57tl . we find 



x lt = x li (l-A), (75) 

X 1 2 

x^d v x u d^ + —i(x nCiu x v d^) — ~r<9 , (76) 



ia. 



d, = d, + "-fu, (77) 

2 = 7^T> (78) 



□ = -r^—rd 2 . (79) 



I - A 
1 

I — A 

It follows form Eqs. (ESJ) and (EE]) that 

[d^x u }=S^Z-\ (80) 
Thus, in view of Eq. ( 1301) . we see that <9 M is the left deformation derivative 9 

Right realization: (5\ — f3 2 — 0, ^>r = 1. 

Repeating the calculations with (p^ = 1, we obtain 



2 ( 



(81) 

iu - ayX^d 2 , (82) 
(83) 
(84) 
(85) 

In this case, 

[dft, x v ] = dp,, + ia v d^ (86) 







[xd), 


= 


LL^V ^ 


v d^ + i(xd)(a fl d u 




l + A 9 " 


+ — □, 

2 ' 


Z = 


l + A, 




□ = 


, 1 ^ 

l + A 





14 



hence a comparison with Eq. ( 1321) shows that <9 M is the right deformation derivative 
d R . 

Symmetric realization: /3\ — 02 — 0, (fs = v4/(exp(v4) — 1). 
This realization corresponds to the symmetric Weyl ordering [22]. It also follows 
from the universal formula for a general Lie algebra [¥!] . after inserting the structure 
constants from Eq. We have 

^ = x "i^TT + ia ^ J^~i)X ' (87) 

e A — 1 — A 

= x^d v - Xydf, + % (xd) (a M d u - civdfj) — , (88) 

D » = 4^ s " + ? D ' (89) 

Z = e A , (90) 
D = < 91 > 



and 



[<9 M , i„] = dftufs + iaudf, 1 ^ S . (92) 



Natural realization: /3i = 1, /?2 = 0, ^ = —A + \/I — B. 

The natural realization is a special case of the realization of type II in which the 

Dirac derivative = d^Qi + ia fl d 2 Q 2 simplifies to = d^. In view of Eq. (ITT]) , 
this holds when tp^ = —A + yl — £?. Then we have 

^ = z„ {-A + Vl - 5) + i(ax) dp, (93) 

= - 2C„0 M , (94) 

D M = dp, (95) 

Z = l - (96) 

□ = I (l - VT^b) d 2 . (97) 

In the natural realization it is easily shown that the rotation generators are 
given by Eq. f[2"3"j) . Indeed, Eqs. fl9"3l and (1931) imply that 



{x^Dy - x u D^)Z = {xj) v - x v du) <pZ. (98) 
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However, tpZ = 1, thus Eqs. (j23J) and (EH]) yield 

M^ = {x ll D v -x v D^)Z. (99) 

3.2 Hermiticity 

All relations of the type [x^x v ], [M^ u ,M Xp ], [M^,x A ], [D^,D U ], [M^ U ,D X ], [D^x v ], 
i.e. Eqs. (QQ), (jlj), (J6]), (J7J), (jHJ) and ©, are invariant under the formal antilinear 
involution: 

4 = x M , D\ = -D^ Ml u = -M^ v , J = c, ceC. (100) 

The order of elements in the product is inverted under the involution. The commu- 
tative coordinates x M and their derivatives <9 M also satisfy the involution property: 
x* = x M and = —d^. Then the NC coordinates x M are represented by hermitian 
operators. However, Eq. (|45p is generally not hermitian. The hermitian represen- 
tations are simply obtained by the following expression [22]: 

However, the physical results do not depend on the choice of representation as long 
as there exists a smooth limit — ► 0. Therefore, we restrict ourselves 
to non-hermitian realizations only. 

4 Star product 

Recall that in Sect. [H]a general Ansatz for the NC coordinates was introduced, 

x„ = xA„(A, B), $ QM (0, 0) = V (102) 

Let us define the vacuum state by |0) = 1 and <9 M |0) = 0, and fix the normalization 
condition by x M |0) = x^. For a given realization there is a unique map sending 
mononials in the NC coordinates x^ into polynomials of the commutative coordinates 
x^. This map is given by 

k 

n^J0) = P fc (x), (103) 
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where is a polynomial of degree k. We also have the dual relation 

h 



l[x IH =Pk{£)\0), (104) 



where Pk is also a polynomial of degree k in x. For example, in the left realization 
we have 

k 

JJsJO) = x w (x M2 - ia M2 )(x M3 - z2a M3 ) . . . (x Mfe - i(k - l)a M J, (105) 
i=i 

together with the dual relation 

k 

\~[- r i>. = x^Zx^ . . . Zx^AO). (106) 

i=l 

Similarly, in the right realization we find 

k 

JJzJO) = (x^ + i(k-l)a t , 1 )(x lJl2 +i(k-2)a^)...(x^_ 1 +io w _ 1 )x w , (107) 

i=l 

= Z-( fc - 1 '^ 1 Zx M2 ...Zx M jO). (108) 



8=1 



One can obtain similar expressions for the symmetric realization [22] . It is interesting 
to note that in the realization of type I when (p = <p(A) the following relation holds: 

e ikx \0) = exp [% ^(~ afc ) kx) , (109) 



(ps(-ak) 

where k E W 1 and <fs(A) = A /(exp (A) — 1). In particular, in the symmetric 
realization when if = ips we have 

e ikx \0) = e ikx . (110) 
Similarly, in the natural realization one can show that 

e ikx \0) = e iPN{k)x , (111) 

where 



Ps(ak) y v " 2ip s (-ak) 



P N (k) fi = k^ - ——. a M ) . (112) 
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Equation (11031) defines an isomorphism of the universal enveloping algebras gen- 
erated by x i, x 2 , ■ ■ ■ , x n and X\, x 2 , ■ ■ ■ , x n , respectively. This can be extended to 
formal power series by 

/(x)|0> = /(*), (113) 

where the function / depends on the realization The Leibniz rule and the 

related coproduct Ad, follow uniquely from the commutator relation 

[d ll ,x v ] = ^{A,B) (114) 

and the conditions d,\0) = 0, x^O) = x^. 

The star product of two functions f(x) and g(x) is defined by 

(f*g){x)=f{x)g(x)\0). (115) 

We emphasize that the star product depends on the realization The result 

relating the star product and the coproduct obtained for non-covariant realizations 
[22] can be extended to covariant realizations of /t-deformed space, Eq. (00), as 

(f*g)(u) = m(e u ^ A - A ^f(x)®g(y)) x=u , (116) 



y=u 



where m is the multiplication map in the Hopf algebra and A d, = d, <g> 1 + 1 ® d, 
is the undeformed coproduct. 

4.1 Star product for the realization of type I 

In this subsection we discuss the star product in the realization of type I assuming 
that the parameter function ip depends only on the variable A = iad. In view of 
Eq. ( ISTT) . we have 

x, = x,(p(A) + i(xd)a^(A), (117) 

where 

7(4) = r 1 + ' m = 1 - (118) 

In order to find the coproduct Ad,, we note that in this realization d, = <p(A)djf. 
The coproduct for d^ is given by Eq. (1341 . hence 

Ad, = Ay{A)Ad* 



A<p(A) 



'' -d u ® 1 + Z ® —j-rrd, 



WW " ~ " tf{A) 



(119) 
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Inverting the expression for the shift operator Z — 1 + A/(p(A), we find 

A = (Z -1) + V '(0)(Z -l) 2 + ■■■ , (120) 

which, together with AZ = Z <g> Z, allows us to calculate the coproduct Aip(A). 
Then, to second order in the parameter a, Eq. (jl 19)) leads to 



A0„ = ^ 



1 + ^(0)4, + (^"(0) + (^'(0)) 2 + <p'(0)) A x Ay + ~<p"(0)A 



1 + (1 + ^'(0)K + (^(0) + (^'(0)) 2 + ^'(0)) A x A y + ~<p"(0)Al 



(121) 



where A x = iad x , A y = iad y . Consequently, the star product from Eq. (11161) is 
given by 



(/*</)(«) 



1 + ud x 



<f/(Q)Ay + (p"(0) + (y/(0)) 2 + ^(0)) AxAy + -<pf(Q)A 



+ ud v 



1 + ^'(0))^ + (y/' (0) + (^'(0)) 2 + p'(0)) A x A y + -^"(0)4, 



+ 2 



1 2 



<p'(0) ud x A y + (1 + y/(0)) uSM* /(x)s(y) 



x=u 
y=u 



One can show that the dual relation holds 



if* 9) 



(9*f) 



tp(-A)-A, 



(122) 



(123) 



where the star products correspond to the functions <p(A) and <p(—A) — A, respec- 
tively 

4.2 Star product for special realizations 

In this subsection we give the star products in closed form for the left, right and 
symmetric realizations, as well as the star product to second order in a in the natural 
realization. 



Left realization: ipi = 1 — A. 

(f*g)<p L ( u ) 



-u a d*A 



y f(x)g(y) 



x=u 
y=u 



(124) 
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x=u 
y=u 



Right realization: (fR = 1. 

(f*g)<p R (u) = e u » d » A *f(x)g(y) 

The "left" and "right" star products satisfy the symmetry relation 

{f*g) VL = (g*f) VR - 

Symmetric realization: ip$ = A/(exp(A) — 1). 

(f*g)^ s (u) = e^ A - A ^f(x)g(y) 

where 



x=u'> 
y=u 



A d, = 8£ + dl 



Ad u = &„ 



tPsj-Ac - Ay 



In this case, we have 



(f*9) 



fs{A) 



(g*f) 



fs{-A)- 



(125) 

(126) 
(127) 

(128) 
(129) 

(130) 



The symmetric realization (p = tpg corresponds to the symmetric Weyl ordering 
J. Our closed form results, Eqs. (j!27p and (11291) . are in agreement with the gen- 
eral series expansion formula for the star product of the Lie algebra type NC space 



Natural realization: (p N = —A + \/l — B. 

In this realization we have <9 M = D^, hence the coproduct Ad^ is given by Eq. (1271) . 
One can show that to second order in the parameter a the star product yields 



(/ ' *g)vNi u ) = f( u )g( u ) 



u, 



" ^ " S al {dl)2 ) Ay ~ \% al (<9 " )2 + m » {1 + AxWdV . 

d^dlA 2 y - 2ia^ P8» A y - a^iP&Y] \f(x)g(y) 



X=U J 

y=u 



(131) 



where d x d y = d x a d v a . 
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4.3 Equivalent star products 

So far we have considered the star product for some specific realizations of type I and 
II. We point out, however, that infinitely many realizations of the star product can 
be constructed by similarity transformations of the variables x^, <9 M . In the following 
we consider the star products obtained by similarity transformations starting from 
the right realization. 

Recall that in the right realization we have 

x ll = xfj + ia ll {x R d R ), (132) 

and the star product is given by Eq. ( 11251) . (From now on the variables x^ and 
used in the right realization will be denoted by x R and djf, respectively.) A 
similarity transformation is defined by 

Xfl = S^tfS, (133) 
= S^djfS. (134) 

Clearly, the new variables x^ and <9 M also generate the Heisenberg algebra. We define 
the vacuum condition on S by S\0) = |0). In view of Eq. (11251) . the star product 
induced by the similarity transformation S is given by 

(f*g)(u) = S(S- 1 f*S- 1 g) ifji («) 



Se u - d ^ {S~ l f){x) {S- l g){y) x=u . (135) 



x=u 
y=u 



Two star products are said to be equivalent if they are related by a similarity trans- 
formation. For example, if S = e~ xdAx , then 

(/ * g) VL (u) = S {S-'f * S- l g) vR (it) , (136) 

hence the star products for the left and right realization are equivalent. We will 
show that all realizations of type I with (p = <p(A) lie in the orbits of the action of 
similarity transformations of the right realization. Hence, any two star products in 
realizations of this type are equivalent. 
Consider a realization of type I, 

1 + <P' (A) 
1 - A- 



x ll = x ll <p(A)+ia ll (xd) z ^t^, p(0) = l. (137) 
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The transformation d p ) i— > (ar^, <9^) which maps the realization (11321) into ( 1 137ft 
is given by 

< = x^{A) + ia^xd) - y?,( ^ ) (A) , (138) 



1 — 4^ 



1 



<£ = 4.^ (139) 
We show that there exists a similarity operator of the form S = exp(U), 

oo 

U=(xd)Y,c k A k , (140) 

k=l 

such that Eqs. (1138j) - fll39p are given by x^ = Sx^S' 1 and = Sd^S -1 , respec- 
tively Then, Eq. (11391) yields 

exp(ad(C/))^ = d»^— (141) 

By expanding both sides of Eq. ( 11411) into power series in A, one can show that 
the coefficients c& are uniquely determined by the function (p(A). Expanding the 
right-hand side of Eq. (11411) leads to 

%kr a '( 1+ £? e ' J1 ') 1 (142) 

where the coeffcients e p can be found recursively from 

e x = -<p'(p), (143) 

e p = -v {p \0)- P J2( P f )v ik \0)e p „ k , p>2. (144) 
k=i ^ ' 

Similarly, the expansion of the left-hand side of Eq. f 1 1 4 1 j) gives 

exp(ad(f/))«9 M = d p ^1 + f> P ^) , (145) 

where the coefficients 7 P are found in terms of Ck as follows: 

7i = -ci, (146) 

P /_i\n 

7 , = -^ + £i-A/j(»), p>2. (147) 



n=2 
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Here, 

n 

# B) =$>(*) II C *. (148) 

\k\=p i=l 

where k = (ki, &2, ■ ■ ■ , k n ), ki G N, is a multi-index with length \k\ = J27=i ^i, the 
function \l/(/c) is defined by 

n 

= (1 + fc n )(l + k n + kn-!) . . . (1 + ( 149 ) 

k=2 

and the summation is taken over all multi-indices such that \k\ = p. It follows from 
Eqs. flH2D and (jI35j) that 

ci = -ei, (150) 

P / i\n i 

c P = J2-^r^ n) -^^ p^ 2 - ( 151 ) 

n=2 ' y ' 

Note that the coefficient c p is uniquely determined by ci, c 2 , . . . , c p _i. Hence, Eqs. 
(|150p - (|15ip . together with Eqs. fl 1 43 p ~ (11441) . provide recursion relations for c p in 
terms of ^^(O), thus S is uniquely determined by ^p(A). For example, the first 
three coefficients are given by a = <p'(Q), c 2 = §</(°); c 3 = §</'(°) + 1^(0) v"(0). 
Equations (11351) and (11401) . together with c\ and c 2 , reproduce the star product given 
by Eq. (I122p . This represents an important consistency check of our approach. 

Note that our covariant realizations for x M , Eq. (jUj), and for D^, Eq. (I54"|) . 
follow from S = e u , where 

[/ = + (xa)d 2 ^ 2 (A J B), (152) 

with boundary conditions $i(0,0) = and $2(0,0) finite. 

4.4 Scalar fields and invariants on kappa-deformed space 

All covariant realizations are physically equivalent. Here we consider the natural 
realization x N , d N defined by = and M^ u = x^d^ — x^d^ (c.f. Sects. 3.1 
and 4.2). The realization of the NC coordinates is given by Eq. ( 1931) . 

x M = x^Z- 1 + i(ax N )d%. (153) 
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Let us consider a scalar field in the NC coordinates satisfying [M^ u , = 
for all /i, v. Then we define a scalar field Q(x N ) in the undeformed space by 

$ (x(x N )) |0> = (154) 

The ordinary Fourier transform is defined by 

$(k) = J d n x N e- ikxN $(x N ), k e R n . (155) 

Then using the relation fillip . 

e ik& \0) = e iPN ^ xN , (156) 
where -P/v(fc) is given by Eq. (11121) . we find 

$(£) = J d n k §{k)e iP " 1{k)x (157) 
which holds in any realization of x. Here P^ 1 denotes the inverse function of Pn, 

P N \k), = ^^- 1 (k,+ ^(VT+rfF- 1)), (158) 

where 

Z-\k) = Vl + a 2 k 2 + ak. (159) 

The above relation (11571) represents a construction of SO a (n) invariants $(x) in 
terms of §(x N ) and $(fc) by using the natural realization (1931) . Alternatively, from 
Eq. ( !93l) we obtain the inverse mapping 

/ d N \ 

x " = (x„-i(ax) . M )Z. (160) 

Then, we find 

$ (x N (x)) |0) = $(x). (161) 

Both constructions are consistent and equivalent. Furthermore, we define the in- 
variant integration over the entire NC space using the natural realization as follows: 
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with the property 



/ 



$i(x)$ 2 (£) 



/ 



(163) 



A generalized action of the scalar field <&(#) on the NC /t-deformed space is simply 
the action of the ordinary scalar field in natural coordinates x N on the undeformed 
space in which pointwise multiplication of fields is replazed by *-mulitplication in 
the natural realization. Further inverstigation of this problem is in progress and will 
be published separately. 

5 Conclusion 

We have constructed covariant realizations of a general /t-deformed space in terms 
of commutative coordinates x M and their derivatives <9 M in the undeformed space. 
Our construction can also be applied to spaces with arbitrary signatures, especially 
to Minkowski-type spaces. 

Particulary, we have studied /t-deformed space whose deformation is described by 
an arbitrary vector. The NC coordinates and rotation generators form an extended 
Lie algebra. The subalgebra of rotation generators, SO a (n), is undeformed. The 
Dirac derivatives mutually commute and are vector- like under the action of SO a (n). 
By introducing the shift operator the deformed Heisenberg algebra is written in a 
very simple way. We have presented the Leibniz rule and coproduct for the rotation 
generators M^ u and the Dirac derivatives in a covariant form. 

We have found two types of covariant realizations which are described by an 
arbitrary function <p(A) with </?(0) = 1. We point out that all covariant realizations 
are equivalent and on an equal footing. We have constructed coproducts and star 
products for covariant realizations. There is an important relation between the co- 
product and the star product in terms of an exponential map for a given realization. 
Specially, we have found a few realizations (covariant left, right, symmetric and 
natural) which have very simple properties. All realizations of type I are related 
by similarity transformations and the corresponding star products are equivalent. 
We have considered scalar fields in NC coordinates and demonstrated their simple 
properties using the natural realization. Constructions of invariants and invariant 
integration on NC spaces are also discussed. 
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Our approach may be useful in quantum gravity models, specially in 2 + 1 dimen- 
sions. In this case, the coresponding Lie algebra is SU{2) or SU(1, 1) [13], [H], [45J. 
It would be interesting to classify NC spaces with covariant realizations in which 
NC coordinates and rotation generators form an extended Lie algebra. For example, 
Snyder space is of this type and covariant realizations in terms of undeformed space 
exist [4H] . 
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